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STRESS -INDUCED  PHASE  TRANSFORMATIONS: 

THEORY  OF  PHASE  RETENTION  AND  FRACTURE  TOUGHNESS 


F.  F.  Lange 
Structural  Ceramics 
Rockwell  International  Science  Center 
Thousand  Oaks,  CA  91360 


Abstract 


The  thermodynamics  of  a  constrained  transformation  has  been  examined 
with  regard  to  the  conditions  for  phase  retension  during  fabrication  and  the 
effect  of  a  stress- induced  transformation  on  the  fracture  toughness. 

Constraint  of  the  shape  change  associated  with  the  transformation  by  an 
elastic  matrix  will  lower  the  transformation  temperature.  Retention  also 
requires  that  a  critical  grain  size  (or  particle  size)  cannot  be  exceeded 
during  fabrication.  Two  bonding  solutions  for  the  critical  stress  intensity 
factor  (Kc)  were  obtained:  one  for  the  case  where  the  transformation  suffers 
no  stress  hysteresis  effect  and  the  other  for  a  large  stress  hysteresis 
effect.  Both  indicate  that  Kc  will  depend  on  the  transformation's  shape 
change,  the  elastic  properties  of  the  constraining  matrix,  the  volume  fraction 
of  the  retained,  metastable  phase  and  temperature.  Kc  is  predicted  to 
decrease  with  increasing  temperature. 
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1.0  INTRODUCTION 

It  has  been  shown  that  a  stress- induced,  martensitic  transformation 
can  be  used  to  increase  the  fracture  toughness  of  brittle  materials  based  on 
ZrC^.^"^  Metastable,  tetragonal  Zr02  is  the  toughening  agent.  Transform¬ 
ation  to  its  stable,  monoclinic  structure  in  the  vicinity  of  the  crack  front 
is  believed  to  be  responsible  for  the  increased  fracture  toughness. 

Two  questions  arise  from  these  observations:  1)  How  can  the 
tetragonal  structure  be  retained  upon  cooling  from  its  fabrication  temperature 
when  its  usually  undergoes  a  transformation?  2)  How  does  the  stress- induced 
transformation  contribute  to  fracture  toughness?  Theoretical  results  con¬ 
cerning  an  inquiry  into  these  two  questions  will  be  presented  herein. 

2.0  RETENTION  OF  THE  TETRAGONAL  PHASE 


2. 1  The  Tetragonal •►Monocl  inic  Transformation 

The  Zr02  tetragonal -*-monocl  inic  transformation  is  athermal ,  diffusion¬ 
less  and  involves  a  shape  change,  i.e.,  both  a  shear  strain  and  a  volume 
change.  Based  on  analogous  transformations  observed  in  metallic  systems,  it 
is  termed  a  martensitic  transformation.  The  reader  is  referred  to  reviews  by 
Subbarao  et  al^  and  Heuer  and  Nord^  for  details.  Although  some  differences  of 
opinion  exists,  Bailey,^  Bansal  and  Heuer, ^  and  more  recently,  Buljan  t  al ^ 
have  shown  that  the  orientation  relation  between  the  monoclinic  and  tetragonal 
(fee)  unit  cells  is  given  by  ( 1 10m)  o  100t  and  [001n]  a  [001t],  which  can  be 
represented  by  the  strain  tensor 


Rockwell  International 

Science  Center 


SC5117.6TR 


where  a,  b,  c  are  the  cell  dimensions  of  the  respective  tetragonal  (t)  and 
monoclinic  (m)  structures,  and  e  (<90°)  is  ttie  monoclinic  angle.  Substituting 
the  appropriate  crystallographic  data  into  Eq.  (1),  it  can  be  shown  that  the 
transformation  involves  a  large  shear  strain  (~8%)  and  a  substantial  volume 
increase  (3-5%).* 

During  cooling,  the  tetragonal  *  monoclinic  transformation  of  pure 
Zr02  begins  at  ~1200°C  and  proceeds  over  a  temperature  range  (e.g.,  1200°  to 
~600°C)  until  the  transformation  is  complete,*^  typical  of  other  martensitic 
transformations.  Both  composition  and  pressure  affect  the  transformation 
temperature.  Metal  oxides  (e.g.,  Y2O3,  Ce02,  etc.)  lower  the  transformation 
temperature.  In  this  regard,  the  ZrOo^Oj  system  has  been  best  studied. 
Srivastaba  et  al1^  have  shown  that  additions  of  Y2O3  to  Zr02  lowers  the  trans¬ 
formation  temperature  to  565°C  where  a  eutectoid  exists  at  ~3.5  m/o  Y2O3. 
Scott^  and  Stubican  et  al ^  appear  to  be  in  agreement. 

•The  crystallographic  data  of  Pratil  and  Subbarao^^  can  be  extrapolated  to 
room  temperature  to  show  that  the  volume  increase  changes  from  3%  at  1150°C  to 
4.5%  at  room  temperature;  8  is  relatively  insensitive  to  temperature. 
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2.2  Thermodynamics  of  The  Constrained  Transformation 

Retention  of  the  tetragonal  structure  is  the  key  factor  for  fabrica¬ 
ting  a  tougher  material  based  on  the  transformat ion-tougheni ng  concept.  As 
will  be  shown  shortly,  retention  of  the  tetragonal  structure  depends  on  the 
magnitude  of  the  strain  energy  arising  from  the  elastic  constraint  imposed  by 
surrounding  material  on  the  transformation  shape  change.  Constraint  can  arise 
from  several  sources.  First,  if  the  polycrystalline  idy  were  single  phase, 
neighboring  grains,  each  with  a  different  crystal lographic  orientation,  will 
constrain  the  anisotropic  shape  change  of  one  another.  Second,  for  two  phase 
materials,  any  matrix  surrounding  the  particle  will  constrain  the  particle's 
shape  change.  The  strain  energy  arising  due  to  these  constraints  can  be 
reduced  by  microcracking  and/or  plastic  deformation  (e.g.,  twinning).  Namely, 
both  microcracking  and  twinning  can  accomodate  some  of  the  shape  change 
associated  with  the  transformation  and  thus  reduce  the  constraint  imposed  by 
the  surrounding  material.  Thus,  as  will  be  shown,  retention  of  the  tetragonal 
phase  not  only  depends  on  the  elastic  properties  of  constraining  material,  but 
also  on  the  possible  occurance  of  microcracking  and/or  twinning  during 
transformation. 

To  examine  the  thermodynamics  of  the  constrained  Zr0(t)Wr02(m) 
reaction,  consider  a  stress-free,  spherical  particle  of  the  tetragonal  phase 
embedded  within  a  matrix  material.  Upon  transforming  to  its  monoclinic 
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phase,*  a  state  of 
surrounding  matrix 
difference  in  free 


stress  arises  within  both  the  transformed  particle  and  the 
due  to  the  shape  change.  Eshelby^)  has  shown  that  the 
energy  (AGt.,m)  between  these  two  states  is  given  by 


chem  + 
t*m 


Uu  ♦  U 
se  s 


(2) 


c  h 

where  AGt>n  is  the  chemical  free  energy  change  which  is  a  function  of 
temperature  and  composition,  U$e  is  the  strain  energy  associated  with  the 
transformed  particle  and  surrounding  matrix,  and  Us  is  the  change  in  energy 
associated  with  the  particle's  surface.  All  terms  in  Eg.  ^2)  have  the 
dimensions  of  energy  per  unit  volume  of  the  transformed  material.  Since  both 
the  surface  area  change  and  the  surface  energy  difference  between  the  two 
phases  are  small,  Us  is  usually  neglected  in  Eg.  (2). 

r 

The  condition  for  the  transformation  reguires  that  AGt+ffl  >  0,  or  from 
Eg.  (2)  (neglecting  Us), 


-AG 


chein 

t*m 


(3) 


Since  Use  is  always  positive  and  AGchem  is  negative  below  the  unconstrained 
transformation  temperature,  it  can  be  seen  that  the  effect  of  the  constraint 
(or  Use)  is  to  lower  the  transformation  temperature. 


*lt  is  assumed  through  this  paper  that  the  whole  particle  transforms  in  a 
spontaneous  and  uniform  manner.  Although  this  assumption  neglects  the 
conditions  for  the  nucleation  and  growth  of  martensitic  plates  usually 
associated  with  these  transformations,  it  does  allow  us  to  examine  the 
limiting  condition  concerning  the  thermodynamic  stability  of  the  constrained 
particle. 
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tshelby^ 


has  shown 


that 


1  I 


T  O  . 

T  ij 


v4) 


where  o*  defines  the  state  of  stress  within  the  transformed  particle;  is 
defined  by  Lq.  (1)  for  ZrO>.  The  effect  of  the  constraining  matrix  on  the 
transformation  temperature  can  be  examined  with  several  simplifying  assump¬ 
tions.  Assume  that  the  transformat  ion  only  involves  an  isotropic  volume 
expansion  (AV/V),  vi;  c1  ^ .  -  1/3  AV/V  <S^.  With  this  assumption  it  can  be 
shown  that  ■  k/3  AV/V  6^,  where 


,  .  .  lb) 

k  (1  *  v,K.  .  .'(1  -  \,)tl 

and  vj  >  are  Young's  modulus  and  Poisson's  ratio  of  the  matrix  il)  and 
transformed  particle  (0).  Thus,  U°  ■  k/o  (A V/V)-  and  Lq.  (3)  reduces  to 


-Ad 


chem 

t*m 


lo ) 


illustrating  that  the  transformation  temperature  will  depend  on  the  elastic 
properties  of  the  two  materials,  expressed  here  as  the  constraining  modulus, 
k,  and  the  magnitude  of  the  shape  change,  expressed  here  as  the  volume  change, 
A V/V.  Alloying  additions  that  lower  the  unconstrained  transformation  tempera¬ 
ture  That  increase  ag^J*1")  will  also  lower  the  constrained 

transformat  ion  temperature.  Also,  the  transformation  temperature  will  be 
inversly  proportioned  to  the  rigidity  of  the  constraint,  i.e.,  the 
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constraining  matrix  should  have  a  high  elastic  modulus  to  achieve  a  low 
transformation  temperature.  Thus  retention  of  a  high  temperature  phase  below 
its  usual  transformation  temperature  can  be  predicted  with  the  thermodynamics 
of  constrained  transformations. 

2. 3  Transformation  and  Microcracking 

Microcracks  are  commonly  produced  during  the  ZrOo( t)*ZrOn(m) 
transformation/*5)  Microcracks  relieve  some  constraint  and  thus  alter  the 
thermodynamics  of  the  constrained  transformation  from  that  discussed  above. 
Conditions  that  produce  microcracks  must  be  avoided  to  maintain  constraint  and 
to  retain  the  high  temperature  phase. 

Current  observations  show  that  in  polycrystalline  ZrOo,  microcracking 
can  be  avoided  and  retention  of  the  tetragonal  phase  can  be  achieved  by  fabri¬ 
cating  material  with  a  grain  sire  below  a  critical  value/5)  As  will  be 
shown,  this  experimental  observation  can  be  predicted  by  examining  the  thermo¬ 
dynamics  of  constrained  transformation  which  includes  the  strain  energy 
release  through  microcracking. 

Assume  that  during  transformation,  a  small  flaw  at  the 
particl e/matrix  interface  extends  and  becomes  a  microcrack  of  length  c  as 
shown  in  Fig.  la.  A  radial  crack  would  be  a  likely  type  of  crack  due  to  the 
volume  expansion  associated  with  the  transformed  ZrO£  particle.  For  scaling 
purposes,  a  normalized  crack  length  u  =  c/0  can  be  defined,  where  D  is  the 
size  of  the  transformed  particle  which  is  assumed  to  closely  resemble  a 
sphere.  The  presence  of  the  crack  will  change  the  energetics  of  the  trans- 
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formed  particle  in  two  respects.  First,  the  crack  will  relieve  a  fraction 
(,  t  c  ^  u ) )  of  the  strain  energy,  Use,  associated  with  the  uncracked,  transformed 
system.  Second,  the  crack  introduces  new  surface. 

The  change  in  free  energy  of  this  microcracked  system  can  be  written 
as  follows: 


aG 


t  *m 


chan 

t*111 


U  f  lu) 
se  c'  ' 


Vc 

~ 


U) 


The  last  term  in  Eg.  (7)  is  the  energy  per  unit  volume  of  transformed  material 
associated  with  the  crack  surface;  is  the  area  of  the  crack  surfaces,  kc  is 
the  fracture  energy  per  unit  area,  and  V  is  the  volume  of  the  particle.  By 
defining  the  area  of  the  crack  with  respect  to  the  particle's  surface 
(Ac  *  nO1-  gc( u ) )  and  using  V  ■  »/6  Eg.  (7)  can  be  rewritten  as 


AGt< 


...chem 

Ju. 

t*111 


se 


fc(u) 


0Tc 

—  9c(m) 


(3) 


Both  f(u)  and  gc(u)  are  dimensionless  functions  of  the  normalized  crack  size, 
u;  by  definition,  0<fc{uM  and  gc(u)>0.  When  u  =  0,  fcl u )  *  1  and  gclu)  =  0, 
and  Eg.  (8)  reverts  to  Eg.  (2). 

Eg.  (8)  shows  that  the  size  of  the  transformed  particle  (0)  is 
brought  into  the  thermodynamics  of  the  transformation.  The  transformation 
will  only  proceed  <0)  for  a  given  crack  length,  uT-,  when  the  particle 

size  is  greater  than  a  critical  value 
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D  .  >  - 

crit 


6Vctl 


AG^hein  +  y  o  f  ^  j 
t*m  se  c  f 


(9) 


Thus,  it  can  be  seen  that  if  microcracking  where  spontaneous  with  the 
transformation,  a  critical  particle  size  exist  below  which  neither  transfor¬ 
mation  nor  microcracking  could  occur.  Above  this  critical  size,  a  possibility 
exists  for  transformation  and  microcracking.  As  previously  shown,*  the  possi¬ 
bility  of  microcracking  depends  on  the  size  of  the  preexisting  flaw,  the 
explicit  functions  f(u)  and  g(u),  and  the  fracture  energy  yQ.  Inspection  of 
Eg.  (9)**  shows  that  for  a  given  u^,  the  critical  particle  size  decreases 
as  becomes  more  negative.  Thus,  if  the  material  containes  a  distribu¬ 

tion  of  particle  sizes,  the  largest  particles  would  be  the  first  to  transform 
and  microcrack,  proceeded  by  succeeding  smaller  particles  as  the  tanperature 
is  decreased  after  fabrication. 


2.4  Transformation  and  Twinning 

Extensive  twinning  occurs  during  the  ZrOo( t)*Zr02(m) 
transformation. (°"^)  Twinning  will  accommodate  a  fraction  of  the  shear 
deformation,  and  thus  reduce  the  strain  energy  associated  with  the  transfor¬ 
mation.  In  a  manner  similar  to  that  discussed  for  microcracking,  (see  Fig.  lb), 
the  energetics  of  the  constrained  transformation  in  which  the  transformed 
particle  twins  can  be  written  as 


‘Extension  of  the  preexistiing  flaw  u0  to  a  size  Uf  requires  that  5aGc/5u«.0. 
In  order  to  quani tgt ively  use  Eq.  (9),  relations  need  to  be  established 
between  u0  and  y^10) 

**Eq.  (9)  only  has  physical  measuring  when  AGcfien'  >  Use°  fc(uf). 
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The  last  term  is  the  energy  of  the  twin  surfaces  per  unit  volume  of  trans¬ 
formed  material.  Here,  the  total  area  of  the  twin  boundaries  (At)  is  norma¬ 
lized  by  the  particle's  surface  area  (u  =  A^/ttD^).  The  functions  ft(u)  and 
gt(u)  are  dimensionless,  0<ft(u)<l,  gt(u)>0;  is  the  twin  boundary  energy 
per  unit  area. 


Similar  in  all  respects  to  the  microcracking  phenomena,  a  critical 
particle  size  exist  above  which  transformation  and  twinning  is  possible  for  a 
given  u^: 


crit 


>  - 


6Yt9t(‘Jf ) 


aG 


chem 

t-MTl 


+  U 


se 


ft(uf} 


(ID 


Below  this  critical  particle  size,  transformation  is  not  possible.  Nucleation 
and  growth  of  the  twins  must  statisfy  the  condition  6AGc/6p  <0  similar  to  the 
treatment  of  microcracking.  The  possibility  of  twinning  will  depend  on  the 
size  of  the  twin  nucleus,  the  explicit  functions  ft(u)  and  gt(u),  and  the  twin 
boundary  energy  Yt. 


2. 5  Conclusion  Concerning  Retention 

Eshelby's  treatment  of  the  constrained  transformation  shows  that  the 
elastic  constraint  of  the  shape  change  accompaning  a  transformation  will 
change  the  transformation  temperature.  For  the  case  of  ZrC^,  the  transforma- 
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tion  temperature  will  be  lowered.  Alloy  additions  that  lower  the 
unconstrained  transformation  temperature  will  also  lower  the  constrained 
transformation  tanperature.  The  higher  the  elastic  modulus  of  the  constrain¬ 
ing  matrix,  the  lower  the  transformation  tanperature. 

An  extension  of  Eshelby's  treatment  has  shown  that  the  possibility  of 
microcracking  and/or  twinning,  both  of  which  relieve  some  of  the  transforma¬ 
tion  strain  energy,  must  be  avoided  by  developing  a  microstructure  in  which 
the  size  of  the  particle  is  kept  below  a  critical  value.  Thus  retention  of 
the  high  tanperature  phase  at  lower  tanperatures  is  possible  if  the  material 
is  fabricated  with  the  proper  microstructure. 
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3.0  FRACTURE  TOUGHNESS 

Investigations  of  the  fracture  of  ceramics  containing  metastable 
tetragonal  ZrC^  have  shown  that  transformation  to  the  monoclinic  structure 
occurs  in  the  volume  of  material  adjacent  to  the  fracture  surface. The 
depth  of  the  transformed  layer  is  uncertain;  Porter  and  Heuer's  TEM  studies 
indicates  a  depth  of  <2um.(^)  The  transformation  is  presumed  to  occur  during 
crack  propagation,  and  to  be  induced  by  the  stress  field  of  the  crack. 

In  view  of  the  foregoing  arguments  that  the  prevention  of  the 
ZrC^O/ZrC^m)  reaction  is  due  to  constraint,  it  is  consistent  to  argue  that 
the  stress  field  of  the  crock  front  can  release  this  constraint  and  allow  the 
reaction  to  proceed.  As  will  be  shown,  energy  is  consumed  to  release  this 
constraint  which  contributes  to  the  fracture  toughness  of  the  material. 

3. I  Contribution  to  Fracture  Toughness 

Let  us  first  examine  the  energetics  of  crack  extension  within  a 
material  containing  a  dispersion  of  retained  tetragonal  ZrCK'  (volume  fraction, 
V^) .  Ignoring  for  the  moment  the  mechanics  and  energetics  of  the  stress- 
induced  transformation,  it  can  be  stated  that  a  process  zone  exists  at  the 
crack  front  in  which  energy  is  consumed  by  the  transformation.  The  process 
zone  is  shown  by  the  hatched  volume  surrounding  a  penny-shaped  crack  in 
Fig.  2.  The  radius  (R)  of  the  process  zone  is  assumed  to  remain  constant 
during  crack  extension.  The  energy  consumed  in  forming  the  process  zone  is 
Up  *  UgVjVp,  where  U0  is  the  energy  consumed  per  unit  volume  of  transformed 
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material,  and  Vp  is  the  volume  of  the  process  zone  surrounding  the  crack, 
Vp  =  u/2( c  +  2R  )2  R3  "/2  c2R  when  R«c;  c  is  the  crack  length.  Thus 


VHV2"  •  >12> 

As  shown  by  Sack,(17)  the  net  change  in  energy  of  a  cracked  body  during  the 
application  of  an  applied  stress  a  is 


(l-*c)2°  c3 


where  vc  and  Ec  are  the  elastic  properties  of  the  composite.  The  increase  in 
energy  due  to  the  formation  of  the  new  fracture  surfaces  is 


Us-ic2G0  (14) 

where  Gg  is  the  critical  strain  energy  release  rate  associated  with  forming 
the  new  surface.  Adding  these  energy  terms  together  (Eqs.  (12),  (13),  (14)) 
and  invoking  Griffith's  fracture  criteria,  i.e.,  that  the  change  in  the 
system’s  energy  with  respect  to  crack  extension  must  be  <0,  it  can  be  shown 
that  the  critical  strain  energy  release  rate  for  the  composite  is  expressed  as 


G  =  G  +  2  U  V  ,  R  , 
co  o  d 


or  expressed  as  the  critical  stress  intensity  factor. 
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o  2U  E  V  jR 

K2 

o  , ,  .,2  , 


(1 


1/: 


(16) 


Thus,  the  contribution  of  the  stress- induced  transformation  to  the 
toughness  as  expressed  by  the  second  term  in  Eqs.  (15)  and  (16),  depends  on 


the  engergy  absorbed  per  unit  volume  of  transformed  material  (U0),  the  volume 


fraction  of  this  transformation  phase  (V^),  the  size  of  the  process  zone  (R), 
and  the  elastic  properties  (Ec,  v  )  of  the  composite  material. 


3.2 


Determination  of  U, 


Let  us  consider  the  energetics  of  a  isolated  particle  within  the 
process  zone  of  the  stressed  crack.  As  shown  by  Eshelby.(^)  the  change  in 
free  energy  of  such  a  particle  within  an  applied  stress  field  (°^j)  is 


Afx  APchem  1  I  t  at 

AG„  =  AG„  +  -*-  o  .  .  e  .  .  -  o..c.. 
t-*-m  t*m  2  lj  ij 


1J  lj 


(W) 


For  the  case  considered  here,  a  .  .  is  the  stress  field  in  front  of  a  crack. 

1  J 


The  last  term  in  Eq.  (17)  is  the  work  performed  by  the  applied  stress  per  unit 
volume  of  transformed  material.  Any  stress  field  which  causes  the  last  term 
in  Eq.  (17)  to  have  a  negative  sign  will  aid  the  transformation.  Because  the 
crack's  stress  field  has  the  opposite  sense  to  the  stress  tensor  ol,  negative 


sign  has  been  placed  in  front  of  the  last  term  in  Eq.  (17).  For  example, 
.a 


the  o  ^  components  are  tensile  and  thus,  aid  in  unconstraining  the  transformation. 
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The  sun  of  the  last  two  terms  in  Eq.  (17),  as  defined  by  Eshelby/15^ 
is  the  increase  in  the  free  energy  of  the  system  due  to  the  applied  stress. 

If,  for  some  reason,  the  transformation  did  not  reverse  itself  once  the 
applied  stress  was  removed,  e.g.,  due  to  the  loss  of  constraint  when  the  crack 
propagates  through  the  transformed  particle,  then  the  increased  energy  due  to 
the  applied  stress  is  consumined  in  the  fracture  process,  thus 


U  =  i  a .  .e^  -  o* .  e j  .  .  (Id) 

o  2  ij  ij  ij  ij  v  ' 

The  condition  for  the  stress- induced  transformation  is  AG^  <0,  thus 
from  Eq.  (17)  and  (18) 

U  =  JL  .  (o! .  -  2o^  . )  =  -  AGcflem  ( 19) 

uo  7  ij  v  ij  ‘ °ij;  ut-m 

which  allows  us  to  rewrite  Kc  (Eq.  (16))  as  either 


‘Wu  -  Z“tj  )  Ec»<l  " 


u  -  »e‘> 


or  in  terms  of  AG 


t+m  * 


K5T  Ec  \ R 1 1/2 


o-V ) 


If  it  is  assumed  for  the  moment  that  Kq,  Ec,  vc  and  R  are  unaffected 
by  temperature,  Eq.  (21)  directly  shows  the  temperature  dependence  of  Kc. 
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chdn 

Namely,  for  tenperatures  where  AGt>m  >|3»  the  transformation  will  not  proceed 

c  hem 

and  Kc  =  Kq.  For  temperatures  where  AGt+m  <  the  contribution  of  the 
stress  induced  transformation  will  depend  on  the  magnitude  of  until 

the  tanperature  is  reached  where  the  constrained  transformation  is  spontaneous 
without  an  applied  stress.  Below  this  temperature  Kc  will  again  be  equal  to 
Kq.  As  shown  by  Eq.  (20),  the  maximum  contribution  occurs  when  o3.^  =■  0,  i.e.,  at 
an  applied  stress  that  just  pushes  the  transformation  in  the  forward  direc¬ 
tion.  This  condition  occurs  at  a  temperature  where  -AGc^em  3  1/2  °ij*eij^»  or 
where  the  constrained  transformation  is  almost  spontaneous  without  an  applied 
stress.  Thus,  the  maximum  Kc  is  given  by 


It  should  be  noted  here  that  the  upper  temperature  where  the  stress- 

induced  transformation  will  contribute  to  the  fracture  toughness  will  also 

c  hem 

depend  on  the  alloying  composition  that  affects  the  condition  where  AGt+m  =  0. 
Thus,  for  pure  Zr02  where  =  0  at  c  1200UC,  toughening  should  increase 

as  the  temperature  is  cooled  from  ~1200°C;  where  as  for  ZrC^  +  3  rn/o  Y2O3, 
where  AG^*m  =  0  at  ~  565°C,  toughening  should  not  occur  until  temperatures 
<  565°C. 
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3.3  Size  of  The  Process  Zone 

The  preceding  section  did  not  discuss  the  thermodynamics  of  the 
transformation  that  may  effect  the  size  of  the  process  zone,  R.  Two  views  can 
be  taken  on  this  subject.  First,  if  it  is  assumed  that  the  transformation  is 
completely  reversible  with  respect  to  the  stress  state,  it  can  be  shown  that 
the  size  of  the  process  zone  should  be  constant  with  respect  to  temperature. 
Second,  if  it  is  assumed  that  the  stress  induced  transformation  is  irreversible, 
it  can  then  be  shown  that  the  size  of  the  process  zone  strongly  depends  on 
temperature.  Both  views  can  be  developed  by  examining  the  size  of  the  zone 
which  would  be  affected  by  the  stress  field  of  the  crack. 

The  stress  distribution  close  to  the  crack  front  has  the  form 


vy0) 


(2wr) 


1/2 


(23) 


where  f ^ j ( 0 )  is  an  angular  function  and  r  is  the  radial  distance  from  the 
crack  front.  Ignoring  the  angular  dependence  and  assuming  that  the  stress  can 
be  approximated  by  a  hydrostatic  tension  (aa..  =  o3;  o3^  =  0,  i*j),  then  the 
radius  of  a  process  zone  can  be  defined  in  which  the  stress  state  for  r<R  is  > 


R 


2*(o3)2 


(24) 
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By  assuming  that  the  transformation  only  involves  an  isotropic  volume 
increase  (eV  .  =  AV/3V ;  eV.  =  0,  i*j)  then  Eq.  (19)  can  be  used  to  define  the 

I  J  •  J 

magnitude  of  oa  required  to  cause  the  transformation: 


Substituting  Eq.  (21)  and  (25)  into  Eq.  (24)  results  in 


(25) 


c  hpm 

Examination  of  Eq.  (26)  shows  that  when  <0,  R  increases  as  the  tempera- 

c  hem 

ture  is  decreased  due  to  the  temperature  dependence  of  AGt+m  .  Eq.  (26)  also 
predicts  that  a  temperature  exists  where  the  denominator  approaches  zero  and 
R-*~.  This  condition  is  not  within  the  scope  of  the  assumption  that  R«c,  on 
which  Eq.  (23)  is  based,  and  it  should  be  neglected. 

The  discussion  to  this  point  has  been  concerned  with  the  amount  of 
material  that  could  transform  within  the  stress  field  of  a  crack.  The 
question  that  now  arises  is  what  proportion  will  remain  in  the  transformed 
state  once  the  crack  extends  and  the  stress  within  transformed  zone  is  reduced 
to  zero.  Only  the  material  that  remains  in  its  transformed  state  will  contri¬ 
bute  to  the  fracture  toughness. 
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The  first  view  is  to  consider  the  case  where  the  transformation  is 
stress  reversible  without  a  significant  hysteresis.  In  this  view,  only  that 
proportion  of  the  transformed  zone  that  can  not  be  reconstrained  by  the 
matrix,  i.e.,  material  adjacent  to  the  new  crack  surface,  will  stay  in  its 
transformed  state  and  contribute  to  fracture  toughness.  That  is,  the  size  of 
the  process  zone  contributing  to  fracture  toughness  will  only  depend  on  the 
conditions  for  loss  of  constraint  due  to  the  fracture  surface,  e.g.,  the 
distance  of  the  transformed  particle  from  the  fracture  surface.  In  this  case 
the  size  of  the  process  zone  (R)  will  be  relatively  insensitive  to  temperature 
and  the  fracture  toughness  will  be  given  by  Eg.  (22). 

If  on  the  other  hand,  the  transformation  involves  a  large  stress 
hysteresis,  such  that  the  transformation  is  essentially  non-reversible,  then 
the  size  of  the  process  zone  contributing  to  toughness  can  be  approximated 
(within  the  range  R«c)  by  Eg.  (26),  which  when  substituted  into  Eg.  (21) 
gives 


Regardless  of  which  view  is  taken,  both  Eg.  (21)  and  Eg.  (27)  illustrate  that 
Kc  will  increase  with  decreasing  temperature.  Eg.  (27)  predicts  a  much  larger 
increase  in  Kc  relative  to  Eg.  (21);  thus.  Eg.  (21)  and  Eg.  (27)  are  lower  and 
upper  bound  solution  for  Kc,  respect i vely. 
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3.4  Conclusions  Concerning  Fracture  Toughness 

An  energetics  approach  has  been  taken  to  examine  the  possible  contri¬ 
bution  of  a  stress- induced  transformation  to  the  fracture  toughness  of  a 
material  containing  a  metastable  phase.  The  crack's  stress  field  can  promote 
the  transformation.  The  energy  consumed  by  the  stress  induced  transformat  ion 
per  unit  volume  of  permanently  transformed  material  is  equal  to  the  change  in 
chemical  free  energy  and  thus  has  the  same  temperature  dependence.  Other 
factors  of  importance  are  the  volume  fraction  of  the  transformed  phase  and  the 
elastic  properties  of  the  composite.  The  higher  the  elastic  modulus  of  the 
composite,  the  greater  the  contribution  of  the  stress- induced  transformat  ion 
to  tO'jriness.  If  it  is  assumed  that  the  transformat  ion  suffers  no  hysteresis 
with  respect  to  stress,  then  the  sire  of  the  process  rone  should  be  relatively 
unaffected  by  temperature,  and  Kc  is  given  by  £q.  (21).  On-the-other-hand,  if 
the  transformation  suffers  a  large  stress  hysteresis,  the  sire  of  the  process 
rone  is  significantly  affected  by  temperature,  and  kc  can  be  approximated  by 
£q.  (27).  In  either  case,  will  increase  with  decreasing  temperature. 
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FIuURc  CAPTIONS 

a)  Schematic  of  the  untransformed  (t)  and  transformed,  microcracked 
( m)  states;  Uf  is  the  final,  normalized  microcracked  size. 

b)  Schematic  of  the  untransformed  (t)  and  transformed,  twinned  (m) 
states;  is  the  total  area  of  the  twin  boundaries  normalized  to  the 
partical 1 s  area. 


Fig.  2  Crack  of  length  c  with  a  process  zone  of  radius  R. 
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